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Abstract
We propose several techniques to construct complete permutation polynomi-
als of finite fields by virtue of complete permutations of subfields. In some
special cases, any complete permutation polynomials over a finite field can
be used to construct complete permutations of certain extension fields with
these techniques. The results generalize some recent work of several authors.
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1. Introduction
Let Fq be the finite field with q elements where q is a prime or a primer
power. A polynomial f(x) over Fq[x] is called a permutation polynomial if
the induced map α 7→ f(α) from Fq to itself is bijective [5]. Note that it
is only needed to study permutation polynomials of normalized forms, i.e.
permutation polynomials which are monic and with no constant terms. Per-
mutation polynomials have important applications in combinatorics, coding
and cryptography. However, to construct large classes of them is far from
a simple matter. We refer to [1, 2, 3, 12, 13], for example, for some recent
results on this topic.
A permutation polynomial f(x) over Fq is further called a complete one
if f(x) + x also plays as a permutation polynomial. Complete permutation
polynomials can be related to such important combinatorial objects as or-
thogonal latin squares. However, it is of course more difficult to construct
complete permutation polynomials than constructing general permutation
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polynomials. There were only a limited number of constructions known be-
fore some great progresses were made recently.
In the recent work [6, 10, 8, 9], several new classes of complete per-
mutation polynomials were constructed. Some of these classes are formed
by monomials and the complete permutation property of them can actually
be characterized by a powerful lemma given by Zieve (see [14, Lemma 2.1]);
other classes are formed by multinomials and the complete permutation prop-
erty of them can actually be characterized by the following general lemma.
Lemma 1.1 (See [1, Lemma 1.1]). Let A, S and S¯ be finite sets with #S =
#S¯, and let f : A → A, h : S → S¯, λ : A → S and λ¯ : A → S¯ be maps
such that λ¯ ◦ f = h ◦ λ. If both λ and λ¯ are surjective, then the following
statements are equivalent:
(1) f is bijective (a permutation of A); and
(2) h is bijective from S to S¯ and f is injective on λ−1(s) for each s ∈ S.
In fact, a common feature of these complete permutation polynomials is that
they are related to permutations of certain subsets of the finite fields, say
subfields of the finite fields or subgroups of multiplication groups of the finite
fields. In [15, 16] Zieve also generally studied how to induce permutation
polynomials over finite fields from subsets of them.
In the present paper, we generally study how to induce complete permu-
tation polynomials over finite fields from subsets of them. We mainly focus
on the case that the subsets are subfields of the finite fields. More precisely,
we propose several techniques to construct complete permutation polyno-
mials over finite fields by virtue of complete permutation polynomials over
certain subfields. In some special cases, any complete permutations of the
subfields can be utilized. We also give some classes of complete permutation
polynomials constructed by these techniques which generalize some recent
work in [6, 8, 16, 9]. The main tool that will be used in our proofs is Lemma
1.1 with A = Fqn and S = S¯ = Fq where n is a positive integer.
The rest of the paper is organized as follows. In Section 2 and Section 3
we show how to construct complete permutations of Fqn from complete per-
mutations of Fq by fixing λ = λ¯ = NFqn/Fq and λ = λ¯ = trFqn/Fq , respectively,
in Lemma 1.1, where NFqn/Fq and trFqn/Fq represent the norm map and trace
map from Fqn to Fq, respectively. Concluding remarks are given in Section
4.
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2. Complete permutation polynomials induced from complete per-
mutations of subfields and the norm map
In the sequel we fix an extension field Fqn of the finite field Fq and denote
the norm and trace map from Fqn to Fq to be “N” and “tr” respectively for
simplicity, i.e. N(x) = x(q
n
−1)/(q−1) and tr(x) =
∑n−1
i=0 x
qi for any x ∈ Fqn.
Based on [14, Lemma 2.1], Zieve constructed many classes of permuta-
tion polynomials over Fqn by virtue of permutation polynomials over Fq in
[16], some of which cover certain known ones obtained by other authors via
complicated methods. For example, he obtained the following result.
Lemma 2.1 (See [16, Corollary 1.3]). Pick any h ∈ Fq[x], let r, n, n
′ be
positive integers such that nn′ ≡ 1 mod (q − 1). Then xrh
(
x(q
n
−1)/(q−1)
)
permutes Fqn if and only if
(1) (r, (qn − 1)/(q − 1)) = 1; and
(2) g(x) = xrn
′
h(x) permutes Fq.
In fact, item (2) in Lemma 2.1 is equivalent to that g˜(x) = xrh(xn) per-
mutes Fq. From Lemma 2.1, we can directly obtain the following construction
of complete permutation polynomials over finite fields.
Theorem 2.2. Pick any h ∈ Fq[x], let n be a positive integers such that
(n, q − 1) = 1. Then xh(N(x)) is a complete permutation polynomial of Fqn
if and only if xh(xn) is a complete permutation polynomial of Fq.
Proof. It is a direct consequence of Lemma 2.1 that xh
(
x(q
n
−1)/(q−1)
)
and
x
(
h
(
x(q
n
−1)/(q−1)
)
+ 1
)
are permutations of Fqn if and only if xh(x
n) and
x(h(xn) + 1) are permutations of Fq. 
Theorem 2.2 shows how to obtain complete permutation polynomials of
Fqn from complete permutation polynomials of Fq when (n, q−1) = 1: we only
need to write a normalized complete permutation polynomial of Fq into the
form xh(xn) for certain h(x) ∈ Fq[x] (note that every normalized polynomial,
can be written into this form since (n, q − 1) = 1), and then replace xn by
N(x) = x(q
n
−1)/(q−1).
A special case of Theorem 2.2 was already obtained in [16], paying par-
ticular attention to finding complete permutation monomials.
Corollary 2.3. Pick α ∈ F∗q and let n and s be positive integers with (n, q−
1) = 1. Then f(x) = αx1+s(q
n
−1)/(q−1) is a complete permutation polynomial
of Fqn if and only if αx
1+ns is a complete permutation polynomial of Fq.
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Remark 2.4. In fact the version of Corollary 2.3 in [16] is that f(x) is a
complete permutation polynomial of Fqn if and only if (1 + s(q
n − 1)/(q −
1), q − 1) = 1 and αx1+ns + x permutes Fq. Obviously this is equivalent to
say that αx1+ns is a complete permutation polynomial of Fq.
As an example, we give the following construction of complete permuta-
tion polynomials which can be viewed as a generalization of the construction
in [16, Corollary 3.2]. In fact, [16, Corollary 3.2] gives an answer to the
open problem posed in [8], thus our construction provides more examples
answering that open problem.
Corollary 2.5. Assume q = rt = 2et. Let k < t be a positive integer such
that (k, t) 6= 1 when e = 1. Pick α ∈ Fq\(Fq)
rk−1. Then αx1+(r
k
−1)(q+1)q/2 is
a complete permutation polynomial of Fq2.
Proof. Fix n = 2 and s = (rk − 1)q/2 in Corollary 2.3. It is obvious that
(1 + ns, q − 1) = (rk, q − 1) = 1. Besides, αx1+ns + x = αxr
k
+ x, which is a
linearized permutation polynomial of Fq since α ∈ Fq\(Fq)
rk−1. 
3. Complete permutation polynomials induced from complete per-
mutations of subfields and the trace map
In fact, Theorem 2.2 can be derived form Lemma 1.1 by fixing A = Fqn ,
S = S¯ = Fq and λ = λ¯ = N. In this section, we study how to obtain complete
permutation polynomials based on Lemma 1.1 by fixing λ = λ¯ = tr. As a
matter of fact, many constructions of permutation polynomials have already
been obtained from Lemma 1.1 by fixing λ = λ¯ = tr in [11]. The following
is an example.
Lemma 3.1 (See [11, Corollory 5.2]). Pick h(x) ∈ Fq[x] with h(0) 6= 0.
Then xh(tr(x)) is a permutation polynomial of Fqn if and only if xh(x) is a
permutation polynomial of Fq.
Similar to Theorem 2.2, the following construction of complete permu-
tation polynomials over finite fields can be obtained directly from Lemma
3.1.
Theorem 3.2. Pick h(x) ∈ Fq[x] with h(0) 6= 0,−1. Then xh(tr(x)) is a
complete permutation polynomial of Fqn if and only if xh(x) is a complete
permutation polynomial of Fq.
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Proof. It is direct from Lemma 3.1 that xh(tr(x)) and x(h(tr(x)) + 1) are
permutations of Fqn if and only if xh(x) and x(h(x)+ 1) are permutations of
Fq respectively. 
From Theorem 3.2 we know that by picking any normalized complete
permutation of Fq satisfying h(0) 6= 0,−1 when written in the form xh(x) for
some h(x) ∈ Fq[x], we can obtain a complete permutation of Fqn by replacing
x in the representation of h(x) by tr(x). However, when the condition h(0) 6=
0,−1 is not satisfied, the method cannot be applied directly. In the following,
we propose another construction of complete permutations of Fqn based on
complete permutations of Fq. We denote the kernel space of the trace map
from Fqn to Fq to be ker(tr) and assume q = p
r where p is a prime.
Theorem 3.3. Pick h(x) ∈ Fq[x], let L(x) be a p-polynomial over Fq, i.e.
L(x) is of the form
∑rn−1
i=0 aix
pi, ai ∈ F
∗
q, 0 ≤ i ≤ r − 1, and denote A(x) =
L(x)/x. Assume for some fixed a ∈ Fq, L(x)− (h(b)/a+A(b))x and L(x)−
[(h(b) + 1)/a + A(b)]x can induce permutations of ker(tr) for any b ∈ Fq.
Then the polynomial xH(x) is a complete permutation polynomial of Fqn if
and only if xh(x) is a complete permutation polynomial of Fq where
H(x) = h(tr(x)) + aA(tr(x))− aA(x).
Proof. It is obvious that
tr(xH(x)) = tr(x)h(tr(x)) + atr(x)A(tr(x))− atr(xA(x))
= tr(x)h(tr(x)) + aL(tr(x))− atr(L(x))
= tr(x)h(tr(x))
since L(tr(x)) = tr(L(x)). Besides, for any b ∈ Fq, the limitation of xH(x)
on tr−1(b) := {x ∈ Fqn | tr(x) = b} is x(h(b) + aA(b))− aL(x) = −a[L(x) −
(h(b)/a+A(b))x], which can induce an injective map on tr−1(b) since L(x)−
(h(b)/a+A(b))x is additive and can induce a permutation of ker(tr). Apply-
ing Lemma 1.1 by fixing A = Fqn, S = S¯ = Fq and λ = λ¯ = tr, we are clear
that xH(x) is a permutation of Fqn if and only xh(x) is a permutation of Fq.
By similar arguments it follows that x(H(x) + 1) is a permutation of Fqn if
and only x(h(x) + 1) is a permutation of Fq. 
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Although the conditions in Theorem 3.3 are complicated, explicit con-
structions belonging to Theorem 3.3 can be obtained in some special cases.
In fact, the main difficulty in applying Theorem 3.3 is to construct permu-
tation p-polynomials of ker(tr). A general discussion on constructing such
polynomials can be found in [7], which will not be included in the present
paper. We just focus on a special case in the following, proposing a result
which generalizes some recent work in [9].
Lemma 3.4. Let k be a positive integer with (k, n) = 1 and c ∈ Fq. Then
xp
k
− cx permutes ker(tr) in either of the following cases:
(1) c(q−1)/(p
(k,r)
−1) = 1 and p ∤ n; or
(2) cn(q−1)/(p
(k,r)
−1) 6= 1.
Proof. Since xp
k
− cx ∈ ker(tr) for any x ∈ ker(tr), we just need to prove
that xp
k
− cx can induce an injective map on ker(tr) in either of the two
cases.
In case (1), from c(q−1)/(p
(k,r)
−1) = 1, i.e. c ∈
(
F∗q
)pk−1
, we know that the
equation xp
k
− cx = 0 has nonzero solutions in Fq. Besides, from (k, n) = 1
we have
(pk − 1, pnr − 1) = p(k,nr) − 1 = p(k,r) − 1 | (pr − 1),
thus all nonzero solutions of xp
k
− cx = 0 in Fqn are contained in Fq. There-
fore, from Fq ∩ ker(tr) = {0}, which is implied by p ∤ n, it follows that the
system of equations {
xp
k
− cx = 0
tr(x) = 0
has a unique solution x = 0 in Fqn. This is equivalent to say that x
pk − cx
can induce an injective map on ker(tr);
In case (2), xp
k
− cx can permute Fqn since
c(q
n
−1)/(qn−1,pk−1) = c(q
n
−1)/p(k,r)−1 = c[(q
n
−1)/(q−1)]·[(q−1)/p(k,r)−1] = cn(q−1)/(p
(k,r)
−1) 6= 1,
hence it can induce an injective map on ker(tr). 
Remark 3.5. In fact, if c(q−1)/(p
(k,r)
−1) = 1, then p ∤ n is also a necessary
condition for xp
k
− cx to permutes ker(tr). This is because if p | n, we have
Fq ⊆ ker(tr). However, x
pk − cx cannot induce a permutation of Fq due to
c(q−1)/(p
(k,r)
−1) = 1.
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Corollary 3.6. Let k be a positive integer with (k, n) = 1. Assume p ∤ n
and (n, p(k,r) − 1) = 1. Then xp
k
− cx permutes ker(tr) for any c ∈ Fq.
Proof. As p ∤ n, xp
k
− cx can permutes ker(tr) when c(q−1)/(p
(k,r)
−1) = 1
according to Lemma 3.4 (1). Besides, obviously xp
k
−cx can permutes ker(tr)
when c = 0. When c ∈ F∗q, c
(q−1)/(p(k,r)−1) 6= 1, we claim that cn(q−1)/(p
(k,r)
−1) 6=
1. This is because if cn(q−1)/(p
(k,r)
−1) = 1, we have c(n(q−1)/(p
(k,r)
−1),q−1) = 1.
However, since
(
n
q − 1
p(k,r) − 1
, q − 1
)
=
q − 1
p(k,r) − 1
(
n, p(k,r) − 1
)
=
q − 1
p(k,r) − 1
,
it follows that c(q−1)/(p
(k,r)
−1) = 1, which leads to a contradiction. Thus
xp
k
− cx can permutes ker(tr) by Lemma 3.4 (2). 
Theorem 3.7. Pick h(x) ∈ Fq[x], let k be a positive integer with (k, n) = 1,
and assume p ∤ n and (n, p(k,r) − 1) = 1. Then the polynomial
x
(
h(tr(x)) + atr(x)p
k
−1 − axp
k
−1
)
is a complete permutation polynomial of Fqn if and only if xh(x) is a complete
permutation polynomial of Fq for any a ∈ F
∗
q.
Proof. The result can be obtained directly by fixing L(x) = xp
k
in Theorem
3.3 and applying Corollary 3.6. 
Remark 3.8. Theorem 3.7 generalizes [4, Theorem 3] and [9, Theorem 5].
By Theorem 3.7, we can use any complete permutation polynomial of Fq
to construct complete permutations of certain extension fields.
4. Concluding remarks
In this paper, we propose several general results on constructing complete
permutation polynomials of finite fields based on complete permutations of
subfields. Thanks to these results, many classes of complete permutation
polynomials over finite fields can be obtained from known ones.
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